Abstract. The system: u -zv, v u, Z.r u-?z with z 0 at -cx) and initial data for U (u, v) at 0 are considered. Well posedness results are obtained for this and also for a version discretized in . Stability is considered as
1. Introduction. The Raman effect has played a conspicuous role in physics since its discovery in the 1920s [14] , [11] . Specifically was first derived to model the interaction of two laser beams with gases when the frequency difference between the beams corresponds to a resonance of the gas molecules [16] , [1] . Here, u and v are unknown C-valued functions on JR+ P (i.e., functions of (, T) with 0 < < oc; -cx < T < X)) which represent the two laser beams, usually referred to as the pump beam and the Stokes beam, respectively. Then the function -iz corresponds to the off-diagonal density matrix element which describes the quantum mechanical state of the gas. The real parameter /_> 0 represents a de-excitation rate due to molecular collisions.
In recent years, these equations have been the focus of intense activity, both experimental and theoretical; some references to the relevant physical literature are provided in our bibliography. It has long been known that (1.1) has a Lax pair when /-0 and so has soliton solutions [2] . On the other hand, we note that it is physically reasonable to require that (1.2) Z(T) surprisingly, soliton-like pulses are not observed in experiments with laser beams whose durations are short compared to the molecular de-excitation time [4] , [5] even though setting -y 0 is presumably "more legitimate" for the latter case. Indeed, numerical experiments indicate that both u and z tend toward zero almost everywhere as --+ oo for a fairly broad set of initial data [13] , [7] ; compare 5. Following the somewhat less formal argument of [12] , we show here that z --, 0 as oo. The more detailed asymptotic behavior of u and v as --+ oo remains an open question and, as will become evident in the course of this paper, a somewhat delicate one.
Clearly, there is a need for careful mathematical work. Remarkably, despite the importance of (1.1) in the physics literature, no one until now has even shown that these equations are well posed! The goal of this paper is to place the study of ( We will assume the initial data u(0) Uo is to be in 7/so 2 := IIKII2 .= g 2 dT < oo.
We can solve (1.1.iii) as an ordinary differential equation in T, temporarily ignoring the dependence, to obtain
We note also that the system (1.1) is invariant under the action of the group G {g9 z9 ]R t} of transformations (1.3) for "arbitrary" real 19 vg(), independent of .S o far, however, we have not been able to exploit this insight effectively.
for arbitrary real T., T. Imposing (1.2), the first term on the right can be omitted "at -oc" so the differential equation ( 
Of course, the initial data now must satisfy: Ifi01--1, pointwise in T.
That much reduction is available for all 7, but when 7 0 we can conveniently use the variable a of (2.1) to view fi as a function of (, or), rather than of (, T). This further reduction will actually (crmalmost everywhere by Sard's Theorem) avoid any difficulty with the definition of fi when K(7") 0. We note that it is possible to view z also as a function of (, or) In general, we have Uj U(.) for some particular solution u(.) of (5.3), below, and will similarly relate to this; we could write explicitly We begin by asserting the set of "background" results. Proof. We will proceed inductively in j, taking the system in the form (5.4) with the index j suppressed so (5.7)
((i) (ii) and with the inductive assumption that we know < for C C and arbitrary 0 < # < 1. By Lemma 5.4 we know that u--, 0 as --* oc, so we must be in one of the two possible cases--which we then consider separately to show the exponential decay rate for the appropriate component. With for ( >_ . The Gronwall inequality and some simple manipulation then give the desired estimate for y-lul 2- for { _> ; this also applies to all { _> 0 with a modification of the (. Proof. Note that u E S means u' 0 so z 0 on R. By (2.2), this corresponds to having u 0 almost everywhere; note from this that S is entirely independent of 7. It is ey to see that S, & "= {u e S" u u0 0} nd S& := {u e S" u0 0} are each uncountable arc-wise connected sets in ven if we were to restrict attention to the "purely real" ce, taking L2( 2), or to factor out the action of the group := {g u ei()u}. om the characterization u 0 we observe that, for each u S, we can partition 3 R, independently of in view of(1.4), a disjoint union A B such that (6.1) lul=K' v=0 on ,4, u=0, Ivl=K onB.
We now wish to consider the linearization around a stationary solution u* E S so that z* 0 in (3.3). We fix ,4, B, and g(.) corresponding to u* and note that (3. -ez -eru on B If we define X : {1) by (6.5) and change variables to think of w a function of (, a), using (2.1) so g2d d, then (6.4) takes the simple form (6.6) w' Xw or, equivalently, (6.7)
Note that this formulation omits the irrelevant values of w for the set of T where K(T) 0, which disappears when we write things in terms of a. Since the operator: w f xwd5 is certainly bounded, the solution operator S w0 -w(, .) for (6.6) forms a group on L1. Alternatively, we might note that Theorem 3.4 ensures integrability of K2w with respect to T and so integrability of w with respect to a.
We now restate the results of this discussion as a lemma without further proof. LEMMA 6.1. Let u* -= u be given in , determining K(.), a(.) as in (2.1) and X as in (6.5); let u be a linearized perturbation, obtained from (3.3), corresponding to a perturbation uo E 7-/ of the initial conditions u). Then (2x/r)/v/ for X -1, (6.11) '(r)
for use in (6.9). Since Jo(z) is an even analytic function of z, it is also analytic in so is analytic (afortiori bounded) near zero and so on any bounded interval. Thus, (6.9) 
